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O ■ Abstract 
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t>-»' It has been pointed out that in E^ grand unified theory with SU{2)^ family 

symmetry, the spontaneous CP violation can solve the super symmetric CP problem. 

The scenario predicts V^b ~ O(A^) rather than 0{\^) which is naively expected value, 

because of a cancellation at the leading order. Since the experimental value of Vub 

is O(A^), it must be important to consider the reason and the conditions for the 

cancellation. In this paper, we give a simple reason for the cancellation and show 

that in some Eq models such a cancellation requires that the vacuum expectation 

value (VEV) of the adjoint Higgs does not break U{1)b-l- Note that this direction of 

the VEV plays an important role in solving the doublet-triplet splitting problem by 

^^ \ Dimopoulos-Wilczek mechanism. In this E^ models, the experiments may measure 

the direction of the adjoint Higgs VEV by measuring the size of Vuh ~ 0{\'^). 
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1 Introduction 

Grand unified theory (GUT) has several attractive features [Tl[2]. It unifies not only three 
forces but also matter (quark and lepton) fields in the standard model (SM). As the result 
of the unification, the origin of the hypercharge, U{1)y, in the SM can be understood 
in the GUT. The unification of three gauge interactions has quantitatively been tested 
by calculating three running gauge couplings in the (supersymmetric) SM which meet at 
a scale (the GUT scale). The unification of matter fields roughly explains the various 
hierarchical structures of quark and lepton masses and mixings by an simple assumption 
that the 10 multiplets of SU{5) induce the hierarchical structures of Yukawa couplings. 
Actually, in SU{5) unification let us assume that the Yukawa couplings which include the 
first two generation of 10 multiplets, lOi and IO2 have suppression factors, ei and €2 (ci ^ 
62 ^ 1), respectively. Then, we can understand not only that the mass hierarchy of up 
quarks is the strongest, that of neutrinos is the weakest and those of the down quarks and 
charged leptons are in between those of up quarks and neutrinos, but also that the quark 
mixings are smaller than the neutrino mixings. 

One of the most attractive features of the Eq unification PIUISIEIEIEIE] is that the 
assumption for the Yukawa hierarchies can be derived in a reasonable setup (TUl [HI [12] • The 
derivation is so natural that even if we introduce a family symmetry, SU{2)y\ or S'f/(3)H, 
for unifying the first two generations or all three generations into a single multiplet, (27, 2) 
or (27, 3), realistic Yukawa matrices can be easily obtained by the spontaneous breaking 
of the family symmetry P^ [TT| [T2] . As the result of the unification of generations, SUSY 
flavor problem [HI [TJ] can be solved even if large neutrino mixings are realized. 

Recently, it has been pointed out that in the Eq unification, if CP symmetry is spon- 
taneously broken [161 [13 UHl [IH] by the vacuum expectation value which breaks the family 
symmetry [201 1211 l22l l23] , the Kobayashi-Maskawa (KM) phase [23] can be induced while 
the SUSY CP problem is solved pSl 12^. Generically, in the non-universal sfermion masses 
which are predicted by the family symmetry, complex Yukawa couplings, which are required 
to produce non-vanishing KM phase, induce complex off-diagonal sfermion masses which 
result in too large electric dipole moments (EDM) of the neutron [27]. It is non-trivial 
that this problem can be solved by this spontaneous CP violation. Moreover, it has been 
pointed out that in the model [26], the (1,3) component of the KM matrix, Vub, becomes 
rather smaller value, (9(A'^), than the expected value, 0{X^), because of a cancellation. 
Here, A ~ 0.22 is the Cabibbo angle [2H]- Since the experimental value of Vub is of order A"^ 
rather than of order A^ [2S], it must be important to study the reason of this cancellation 
and to know the conditions for the cancellation in the Eq GUT model. 

In this paper, we examine the reason and the conditions for the cancellation. First, 
we show that in the Eq GUT such cancellation is not special, i.e., the quark mixings, 
not only Vub but also Cabibbo mixing, tend to be small because of the unification of 
the Yukawa couplings. Such cancellation due to Yukawa unification has been known in 
SO{10) GUT, but even in Eq GUT, it has been discussed in the literature [2]. To avoid 
this cancellation, the mixing of doublet Higgses and/or the higher dimensional interactions 
which include the Eq Higgses (adjoint Higgs and fundamental Higgs) are required. It is 
not so easy that the effect of the higher dimensional interactions becomes sizable. One 
easy way is to introduce the anomalous U{1)a gauge symmetry [SUl [SD [221 [SS] , with which 
the contribution of the higher dimensional interactions becomes the same order as that 
of the tree level interactions. Another way is to introduce some symmetry which forbids 



the tree level interactions and allows the higher dimensional interactions. The family 
symmetry, S'f/(2)H, can play the role, if the first two generation fields behave as doublet 
under the SU{2)h- The (1,2) component is produced not from the tree level interactions 
but from the higher dimensional interactions which include the adjoint Eq Higgs. Second, 
we consider the effect of the direction of the Eq adjoint VEV in the Eq model with the 
family symmetry. It is shown that the cancellation requires that the adjoint VEV does 
not break U{1)b-l- Note that the direction of the VEV which remains U{1)b-l plays an 
important role in solving the doublet-triplet splitting problem by the Dimopoulos-Wilczek 
mechanism [3ll |35l [Ml EH EH [39] . 

This paper is organized as follows. In the next section, after a brief review for the Eq 
model, we investigate the reason for the cancellation. In the section 3, we consider the 
effect of the direction of the adjoint Higgs VEV. In section 4, we give a summary. 



2 Flavor structure of Eq GUT models 

In this section, after a brief review of Eq GUT scenario, we show that in a simple setup in 
Eq gut, the Cabibbo mixing and Vub are vanishing at leading order. And we discuss how 
to avoid the situation. 

First, let us remind the basics of the Eq group. The fundamental representation has 27 
components and the adjoint representation has 78. These representations can be decom- 
posed into the representation of S'O(IO) (g) U{l)v' as 

27 = 16i + 10_2 + I4, 78 = 45o + 16_3 + I63 + lo (2.1) 

where the subscript indicates the U{l)v' charge of each representation. Similarly, 5*0(10) 
representations can be decomposed in terms of SU{5) ® U{l)v representations: 

16 = 10_i + 83 + 1-5, 10 = 52 + 5_2, 45 = 24o + IO4 + 10-4 + lo- (2.2) 

The subscript means the U{l)v charge in this case. 

Since we must break Eq gauge group into the SM gauge group SU{3)c ® SU{2)l ® 
U{\)y = GsM, we introduce two pairs of (anti-)fundamental fields $ ($), C {C) and an 
adjoint Higgs field A. Then we suppose that the vacuum expectation value (VEV) of $ 
($) breaks Eq into 50(10) and C [c) breaks 50(10) into SU{h): 

($) = {U) ^ 0, (O) = (16c;[9 Id) ^ 0. (2.3) 

In this paper, we often use a notation that the dimension of each field is expressed by its 
name. For example, 27$ = 16$ + 10$ + 1$ etc. Here | ($) | = | ($) | and | (O) | = | (O) | 
should be satisfied from the D-fiatness conditions. On the other hand, since an adjoint 
Higgs A must break SU{b) into Gsm, the VEV of the adjoint Higgs {A) can be generally 
written as 

{A) = xQv + yQv + zQy (2.4) 

where Qx {X = V, V, Y) stands for a generator corresponding to the U{l)x charge. Note 
that 2; 7^ is needed to break SU{5). 

The matter fields in the standard model can be embedded in the fundamental repre- 
sentations \l/i with i = 1,2, 3. Each generation of \I^j contains 10 and 5 representations of 



SU{5): 

^i = 16i[10, + 5i + h] + 10i[5, + b[] + l,[i:]. {i = 1, 2, 3) (2.5) 

To obtain the Yukawa couplings, we have to fix the origin of the SM doublet Higgses. 
Here, for economical reason, we assume that the minimal supersymmetric SM (MSSM) 
Higgses come from $ and C. (It is natural that one of the MSSM Higgses come from $ if 
we consider how to realize doublet-triplet splitting naturally. But here, we do not address 
about it.) Then, we can obtain the Yukawa interactions from trilinear terms of 27 fields: 

W = (y<E,),,*,^,$ + {Yc)^j^,^,C. (2.6) 

Note that there are six 5 in three 27. Three of six 5 becomes superheavy with three 5 after 
breaking Eq into SU{5) through the above Yukawa interactions. The mass term between 
5j and 5j, 5^ fields can be expressed as Wes 3 5M(5', 5)"*" where 

M = {Y^,rYc) {<!>), r = (C) / ($) . (2.7) 

This means that the pairs of 5 and 5 fields which obtain GUT scale masses are decoupled 
at low energy, and the massless modes are linear combinations of 5j and 5^. If higher 
generation fields have larger Yukawa couplings, then two 5 fields from the third generation 
field 273 become superheavy unless r ^ 1. Therefore, it is reasonable that all three SM 5 
fields come from the first two generation fields, they have only smaller Yukawa couplings 
and milder hierarchical structures for the Yukawa couplings of 5 fields. This is an important 
point to produce realistic quark and lepton masses and mixings in Eq GUT. The mixing 
of 5i and 5^ for these massless modes are determined from the diagonalizing procedure 
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where V and U are unitary matrices which rotate 5j and (5j, 5^ into their mass eigenstates, 
respectively. Provided that rrii ^ {i = 1,2,3), there remains three massless modes of 5 
fields and their mixing can be expressed as 
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where 5^ and 5^ represent massless modes and heavy modes, respectively. The 3x3 
mixing matrices U^q, Uiq, U^q, t/j^g are related with the unitary matrix U which appears 
in Eq. (EHD so that 



U 






10 



16 

Note that by solving the following equation. 
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U^Q and U^Q can be determined up to the multiplication of a 3 x 3 unitary matrix from 
the right. Because of the unitarity condition of U, three 6 dimensional vectors {ui)k 
{i = 1,2,3, k = 1,2, ■■■ ,6), which are defined as {ui)j = (f^io)ji) (^i)j+3 = (f^ie)^! ^^^ 



normalized and orthogonal. When the rank of 1$ equals to three, it is obvious that 
three independent vectors satisfied with Eq. (12. lip can be obtained by (Mi)j+3 = 5ij and 
{ui)j = r{Y^^Yc)ij. Once we fix the vector space which satisfies Eq. (12. lip , we can 
determine the explicit normalized and orthogonal basis for the space at any accuracy. 
Then the MSSM Yukawa interaction terms {Yu)ijQiUjHu, {Yd)ijQidjHd and {Yj)ijLiejHd 
are obtained through 

y„ : 10a0,-5^^, (2.12) 

Y,, Yj : 10,5,-5'^^ + 10,5;.5h, ^ 10,,(f/°65°),5'^^ + 10,(f/°o5°),5^,. (2.13) 

Now let us examine the feature of quark mixings in this model. First, we consider a 
simple case where the MSSM Higgs fields Hu and Ha are contained in 10$. Then the 
Yukawa matrices for up- and down-quark can be written as 

F„ = y<,, Ya = Y^Ul^. (2.14) 

Without loss of generality, we can take the diagonal matrix y$ as Y$. Let us consider 
a situation that the three massless modes of 5 fields are mainly composed of 5i, 5'^ and 
52. As noted before, the two 5 fields from the third generation field tend to be become 
superheavy and therefore it is reasonable. In such a case, by solving Eq. (12. lip . U^q and 
C/°g are approximately obtained as 

f/°o~ [pi P2 P3 , f/i6~ I 1 I (2.15) 

where Pi,qi,ri <^ 1 and their values are determined by Eq. (12. lip (see Appendix B). For 
example, when 

/A^ 0\ /A6 A^ A^^ 

y$ ~ A^ , y^ ~ A^ A^ A2 I (2.16) 

VO 1/ \\^ A2 1 

and r ~ A'^'^, Eq. (12. lip becomes 

f/?o = I ci2\'' C22A0-5 C32A-1-5 | U^„ (2.17) 

C23X'-' CssX'-' 

where Cij are C(l) coefficients. Taking account of the unitarity of U, [/°q and f/j'g are 
calculated at the leading order as 

C(A2-5) 1 C(Ai-5) \ 

^i°o - I (^12 - ^)A^-^ If A (C22 - ^)A°-^ , (2.18) 

cnc33)^3.5 £33^3 (c C2iC33)^2.5/ 

C31 ^ C31 V ^■^ C31 ^ / 

\ 

U',e - I OiX') 1 , (2.19) 

.^^2.5 _SiA2/ 
C31 C31 / 

where three zero components are rotated away by the 3x3 unitary matrix from the right. 
Then, we can obtain Yd as 
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Yd ~ 0{\^) A^ (2.20) 

V A3 A2-5 \^l 

Since Yu = Y$ is diagonal, the (1, 3) and (1, 2) components of the CKM matrix are quite 
small in this setup. Note that the situation does not change so much if the main part of 
83 is 5p When the main part of 83 is 8'^, all the CKM mixings become quite small. 

There are basically two ways to avoid the smallness of the mixing angles of the CKM 
matrix in Eq models. One way is to make the other Yukawa couplings like Yq contribute 
the Yukawa couplings, Y^ and Y^ by, for example, introducing the mixings of 27c into 
the MSSM Higgs Hu and/or Ha- This is quite reasonable because we have 27c to break 
5'O(10) into SU{5) in the Eq GUT models, though it must be considered how to obtain the 
mixing of 27,7 in solving the doublet-triplet splitting problem. The other way is to break 
the Eq gut relation for the Yukawa couplings Y^ by, for example, introducing higher 
dimensional interactions including Eq Higgses which break Eq into the SM gauge group. 
To avoid the undesirable SU{5) GUT relation Y^ = Yj, we must introduce such higher 
dimensional interactions including adjoint Higgs field A such as 
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W D -'^i{A^j)H {H = $, C) (2.21) 



with a cutoff scale A. Then after developing the VEV of A, the coefficients of the Yukawa 
interactions do not respect SU{5) symmetry though generically the contributions from such 
higher dimensional interactions are suppressed because the factor (A) /A is much smaller 
than one. Generically, it is not easy that the contributions of such higher dimensional 
interactions to the Yukawa couplings become sizable. One of the easiest way to obtain 
sizable contributions of such higher dimensional interactions is to introduce the anomalous 
U{1)a gauge symmetry [37]. Because the VEVs of fields Zi with U{1)a charges Zi can be 
obtained as 

(Z) 1° ^^^>°^ f2 22) 

^ '' \(e/A)-^^ (^.<0)' ^ ■ ^ 

the higher dimensional interactions have the same order contributions as the usual Yukawa 
interactions at tree level. Here, ^ is the parameter of the Fayet-Iliopoulos D-term. Another 
way is to introduce family symmetry which forbids some of tree Yukawa interactions and 
allows the higher dimensional interactions. In next section, we discuss a concrete example 
in which such family symmetry is introduced. 



3 CKM matrix in model with horizontal SU{2)[^ sym- 
metry 

In this section, we construct a simple model of fiavor in Eq GUT and investigate the 
structure of CKM matrix in this model. Here we focus on a model with a family symmetry 
SU{2)y\ and spontaneous CP violation. Such a kind of model is examined in Ref. [2S] and 
we consider a model which has the important features of the model. 

First of all, we introduce a pair of 5'f/(2)H doublet fields Fa and F" which is respon- 
sible for the breaking of the family symmetry, SU{2)y^. Here the indices a represent the 
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Table 1: Field contents and charge assignment under Eq ® SU{2)h ® Z3 

transformation property in SU{2)y\ and it can be raised or lowered by means of the anti- 
symmetric symbols e"'' and eat- Taking into account the Z)-fiatness condition and SU{2)y\ 
gauge degree of freedom, the VEV of Fa and F" can be generally written as 

where we suppose that there appears nonzero phase 6 and it breaks the CP invariance 
of the theory spontaneously. As pointed out in Ref. [25], spontaneous CP violation can 
be a natural solution of the SUSY CP problem which may arise in considering the effect 
of SUSY breaking. That is, a real up-quark Yukawa matrix is favored for model building 
because the non-universality of the up-squark mass with complex Yukawa couplings leads 
to the problem of chromo-EDM constraint [2Z]. To accomplish a real up-quark sector, 
we introduce a Z3 discrete symmetry and impose charge assignment shown in Table [TJ 
This Z3 symmetry gives further advantage for the SUSY CP problem, because it prohibits 
dangerous terms of Kahler potential (e.g., K D rh'^9'^9'^"^l{'^ aF"")) which induce complex 
squark masses. 

With the above setup, we can write down the interaction terms which contribute to 
the Yukawa matrices: 

^a^^") \ 

1^ : I ^a{A^n (^ai^*^)' (^ai^'^)^3 $, (3.2) 

(^aF»)^3 ^3*3 / 

(^,F'^)(^feF'') (^.F'^)^3\ 

Yc:{{^aF''){^bF') \C (3.3) 

(^,F'^)^3 / 

where we adopt terms which give the leading contribution and the higher dimensional 
terms are neglected. In this paper, we often take the unit in which A = 1. Note that 
the terms like e'^''^a^6$ do not exist because Eq singlet can be formed from the totally 
symmetric combination of three 27s. 

In the following discussion, we assume that the MSSM Higgs fields Hu and Ha are 

H^ - 10$[5<j.], Hd ~ 10<,[5y + al6c[5c] + /310c[5y (3.4) 

with a,/3 ^ 1. Here, there is no component from C in Hu- This is important in order 
to obtain real Yukawa matrix for up-type quarks. On the other hand, a 7^ or /3 7^ is 
required to obtain complex Yukawa couplings for down-type quarks, which is important 
to obtain non vanishing KM phase. Now we write down the explicit form of the up-quark 
Yukawa matrix Yu as follows: 

6 





Y^ = Yi^^^\-d c 6 U A^ A^^ A^ . (3.5) 



where a, b, c, d are real parameters. Here the right hand side of Eq. (13. 5p indicates the 
order of each element and we assume A"^ ^ A^^ ^ 1. Then Y^ can be diagonalized by 
unitary transformations of up-type quark fields as VJjJ^uVuR = diag(?/u, i/c, yt)- The leading 
order contribution of Vul and Vur can be calculated to be 

/ 1 ^ 0\ /I -^ 0\ 

Kl - -^ in, K« - h^ 1 ! (3.6) 

I ^ -^1/ V-^ -^ 1/ 

\ ac—b'' a / \ ac—b^ a / 

and the Yukawa couplings yj = nif/vu (/ = u, c, t) are obtained as 

ad"^ ac — lP' 

Vu ^ r^, Vc ^ , yt ^ a. (3.7) 

ac — 0'^ a 

(See appendix lAl for this approximation.) 

The structure of the down-quark sector is a little complicated because of the mixing 
of 5 fields shown in Eq. (12. 9p . Since the contribution from massless modes 5° can be 
extracted in a manner shown in Eq. (12.131) . down-quark Yukawa matrix is 

Ya = Fi'^f/i°6 + oiYcUl^ + PYcUl^ (3.8) 

where Y^ ^ Y^ as mentioned in the previous section. That is, terms involving an adjoint 
Higgs A give different contribution for each component of the term: 

^!a{{A) ^'^)$ 3 {v^ - VQ)e'''QaUbHu + {v^ - VQ)e'''Qj,Hd (3.9) 

where {A) ip = v^ip for a component field ip. Thus, when '^ a{A'^"')^ gives a term dQiU2Hu, 
there is a term — (24e + l)/5 ■ dQid2Hd for down-quark sector, where e = y/z with y and 
z are defined by Eq. (12.41) . Since we have defined {Y^ )i2 = —{Y^)2i = d, it leads to 
be (Y^ ^)i2 = —{Y^ ^)2i = — (24e + l)d/5. Moreover, the effect of an adjoint Higgs also 
appears on the mass term between 5 and 5 fields as 

^,((A) ^-) ($) 3 {v^, - Vd)e'''dJ, {U) . (3.10) 

Therefore we must use M^j = {Y^^'^'"'\rYc) ($) with {Y^^^^''^^)i2 = (>'i*^""^)2i = (24e-4)rf/5 

instead of M in Eq. (12. 7p . Taking them into account, one can write down the specific form 

of the down-quark Yukawa matrix. For this purpose, let us express the component of Yc 

as 

/O / e\ / A^^ AA 

Fc = / ~ A^^ (3.11) 

\e 0/ \A^ 0/ 

where arg(e) = arg(/) = 6^0 and right-hand side of equation represents the order of 
magnitude for each component. If the main modes of 5?, 63 and 53 are 5i, 5[ and 62, □ 



"f If the main modes 55, 52 and 53 are 5i, 52 and 5'i, respectively, then, the Vcb is vanishing at leading 
order unless a ^ 0{1). Ifa'^O(l), generically, no cancellation happens. 



respectively, then we can calculate Yd given by (13. 8p to be 
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WA2^ + /3A^ «A^ + /3r-iA2^-2^ A^ 
X^ + PX^F r-^X^^-^^ + aX^^ A^^ 
A^-^ + /3A^ ^-iA2A-3^ + «A^ A^ 



(3.12) 



Since A <^ A ^ 1 is supposed, Yd has a hierarchical structure (Id)ij ^ (^d)A:i, iYd)ij <^ 
(y(i)j; with i < k, j < I for a proper choice of a and r. So the unitary matrix which 
diagonalizes Yd as Vj^YdVdR = diag{yd,ys,yb) is 
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(3.13) 



at leading order. Here s|^ = sin6'|^e*-^3 is defined in Appendix A, and approximately 
given by 



bo 



(^d) 12(^^)33 ~ (XdjlsO^d) 



32 



(^d)22(^d)33 ~ (Xd)23(Xd) 



32 



(3.14) 



Now we can calculate the CKM matrix element defined through Vckm = Vui^dL using 
the explicit formulas Eqs. (13. 6p and (I3.13P : 
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To obtain a realistic flavor structure, we assume that A"^ 
and r ~ A^'^, which lead to 
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AO-5, 


/3~ A 
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,A3 A2-5 A2 



(3.16) 



If the VEV of the adjoint Higgs 45^ is proportional to the generator of U{1)b-l, i-e., 
e = —1/4, the leading contribution to V^b vanishes. (We discuss more general examples in 
which such cancellation happens only when U{1)b-l is not broken by the adjoint Higgs 
VEV in appendix IHl) The next-to-leading contribution to Vub can be estimated to be 
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(3.17) 



where 



-2arg((Yd)32/(^rf)33)- Therefore, we can obtain as 

Vckm ~ 




(3.18) 
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Since the measured value for Vut is (9(A^) rather than 0{\^), this resuh indicates that 
the direction of the adjoint Higgs VEV is proportional to U{1)b-l in this Eq GUT model. 
On the other hand, this direction plays an important role in solving the doublet-triplet 
splitting problem by Dimopoulos-Wilczek mechanism [5U |35]- This coincidence is quite 
interesting and suggestive. 



4 Summary 

In this paper, we have examined how to obtain the CKM matrix as in Eq. f l3.18p in an 
Eq gut with a family symmetry SU{2)y^. Especially we have studied the reason for the 
cancellation by which Vub becomes O(A^), not 0{X^). Since the measured value of Vub is 
0{X^), it must be valuable to know the reason for the cancellation. First, we have shown 
that in a simple Eq GUT model, the Cabibbo mixing and Vub tend to be much smaller 
than the naively expected values because of the Eq Yukawa unification. Of course, in 
order to obtain sizable Cabibbo mixing, we must avoid such suppression for the Cabibbo 
mixing. Therefore, we have studied several ways to avoid such suppression of the CKM 
mixings. Generically, when we introduce something to avoid the suppression, it spoils the 
suppression of Vub- Actually, in the Eq model with a family symmetry and spontaneous 
CP violation, generically, the suppression of Vub is spoiled. Only when the adjoint VEV 
does not break U{1)b-l, the cancellation happens. Since such a direction of the VEV 
plays an important role in solving the doublet-triplet splitting problem by Dimopoulos- 
Wilczek mechanism, it is interesting that the measured value of Vub is of order A^. It may 
be concluded that the experiments measured the direction of the adjoint VEV in this Eq 
GUT model with SU{2)h by measuring the size of Vub- Since the direct search of the 
GUT is very difficult, indirect measurements like this must be important. Though one 
indirect measurement is not sufficient to confirm a scenario, we hope that various indirect 
measurements will confirm some GUT scenario in future. 
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A Diagonalization procedure of the hierarchical ma- 
trix 

In this appendix we summarize the procedure of diagonalization of the 3x3 matrix Y 
which is needed in computing the CKM matrix. Here we focus on the case where the 
matrix Y has a hierarchical structure Yij <C Y^j and Y^ <^ Yu with i < k and j < I. We 
mainly follow the procedure given in Ref. [10] . 

The arbitrary matrix Y can by diagonalized multiplying the unitary matrices Vl and 



V^ as V^YVr = Y^, where Y^ is a diagonal matrix. We can parametrize Vl and Vr so 
that 



v7^ 



Vr = 




pL pL pL 

-* 3 -'2 -'I ) 



p-Rf pRf pfif 
-* 1 -'2 -'3 



(A.l) 
(A.2) 



,L/R^ 



L/R 



I / R 

where s^ = sin 9^ ' e 
nents of Y as 

■ 1/11 yi2 yi3 

1/21 1/22 1/23 
^1/31 1/32 1/33 

the procedure of diagonahzation is expressed as follows: 



*-^» ' and Cj = cos^j with i = 1,2, 3. If we write the compo- 

(A.3) 



Y 



LtjL 

2 



/l/ll 1/12 1/13 \ 

Vjry^ = P^P^Pi' 1/21 1/22 1/23 P^^P^^P^^ ~ P/'^^ 

\1/31 1/32 1/33/ 

'l/n I/I2 0\ M 

J/21 1/22 \P^^ =\ y^2 

1/33/ V 1/33 



1/11 1/12 1/13 

1/21 1/22 

,1/31 1/33, 






(A.4) 



Here we supposed \s^ | ^ 1 and Cj ~ 1 and 

1/231/32 / 1/131/32 



1/22 - 1/22 



1/33 



1/11 - 1/11 - 



1/12 - 1/12 

1 /131/31 
1/33 



1/33 



1/11 - y'li 



1/21 - 1/21 



I/12I/2I 
1/22 



1/231/31 
1/33 



(A.5) 



(A.6) 



which are good approximation if the hierarchy of the matrix Y is realized sufficiently. Then 
the mixing angles for the left-handed field are 



sf ~ 



1/23 
1/33' 



'2 



1/13 
1/33' 



■^3 — 



I/12I/33 - 1/131/32 



I/22I/33 - 1/231/32 

Note that, if we consider the diagonahzation of 2 x 2 matrix 



cl 



-sl 
Cl 



mil rni2 

m2l 17122 



cr Sr 
-4 Cr 



m 



11 











m. 



22 



(A.7) 



(A. 



where sl/r = sin 6'i/Re*'^^/« and cl/r = cos 9 l/r, the explicit formula for tan2^i/^ can be 
obtained as 



tan2^L 
tan 29 R 



2{mi2'm22 + miim2ie 



2iXfl^ 



ml^e^L - m?ie-*(>^i"2xi?) + ml.e^'^^L+'ixR) - mLe~^^i^ ' 



ni 



21^ 



•'W 



2(miimi2 + m2im22e 



2iXL'' 



ml^e-'-^XR-'i^L) - ml^e'^R - m^^e*(>^-R+2xi,) + ml^e-'^R' 



(A.9) 
(A.IO) 



Here XL/iJ ^-^e determined so that the right-hand side of each equation becomes real. 
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Therefore the above approximation is correct if m22 ^ ^^11,^^12, ^^21 in Eq. flA.Op 



We now write down the exphcit expression for the CKM matrix elements using the 
above parametrization. Since the rotation matrix for left-handed up- and down-quarks are 

-. u/dL u/dL u/dL u/dL\ 

i —S3 — S2 + Si S3 

T aT _ pu/dL pu/dL jju/dL I u/dL* ^ u/dL 

^u/dL — -f^^S -'^2 -f^^l — Ms -•- "-^l 



(A.ll) 
in this parametrization, CKM matrix element defined by Vckm = VuL^dL can be obtained 



u/dL* u/dL* 1 

,^2 S/ 1 J 



as 



1 ^dL qUL ^dL qUL qUL ( ^dL qUL\ 

1 ftg 5g ^2 ^2 ■'3 I'^l ■'I J 



^CKM = K1(K7l)^ ^ -KTs 1 ^f -sf . (A.12) 



y* y* _ y* _y* 

• "^ us "^ CO ub CO 



In Eqs. flA.lip . we supposed S2 ^ S;^ 1^2, ^s can be expected from the experimental 
value for the CKM matrix elements. 



B Structure of CKM matrix in Eq GUT 

In this appendix, first, we give an explicit from of U% and f/^g when higher dimensional 
interactions are neglected. Next, we show that the cancellation in Vub at the leading order 
more generally happens when U{1)b^l is not broken by the adjoint VEV. 

First we consider the superpotential given in Eq. (12.61) neglecting the higher dimensional 
terms which involve the VEV of some fields. In such a case, we can always adopt the basis 
of the matter fields \l/j where Y^ is a diagonal matrix. Then we express Y^ and Yc to be 

Y^=\ a2 , Yc=\h2i 622 ^23 (B.l) 

03/ V^31 &32 ^33/ 

in this basis, f/^g is defined in Eq. (12. 9p and represents the mixing of 5 fields for the 
massless modes 5°. Then the mixing matrices f/°o ^^"^ ^le '^^'^ t)e calculated through Eq. 
(12. lip and expressed as 

/ 1 ° \ 

f/°0 - r{h2zhll - &2lfel3)/a2&13 ai623/a2&13 r(&23&12 - &22&13)/a2&13 , (B.2) 

V^(^33^ii - hihzj/azh?, 01633/03613 r{h^'ihi2 - 6326i3)/a36i3/ 
1 \ 

f/°g ^ I 1 (B.3) 

-611/613 -ai/r6i3 -612/613/ 

Here we assume that the massless modes of 5 fields 5?, 5°, 53 correspond to 81, S'l, 82, 
respectively, and (t/io)2i, (f^io)3J5 (f^i6)3i < 1 with i = 1, 2, 3. 

Next we consider the more general situation where the higher dimensional interaction 
terms also contribute to the Yukawa matrices. As shown in Section [21 we must take into 
account the fact that the VEV of an adjoint Higgs gives the different contribution for the 
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up-quark sector and down-quark sector. Therefore we should express the Yukawa matrices 
as 



K, = F. 



(«) 



<j> 



Yd = Y^'^'U^, (B.4) 

when Hu — 10$ [5$] and H^ — 10$ [5'^]. The effective Yukawa matrices Y^^' and Y^ are 



.(«) 



id) 



not equal in general. Moreover, Y^ and Y^ are no longer guaranteed to be symmetric 
matrices, and we cannot always make them diagonal by the redefinition of the matter fields 



(u) 



r{d) 



^j. So the general expressions for Y^ and Y^ are 



Y, 



(u) 



"11 

u 

hi 



"31 



«12 
'^22 
'^32 



"13 
''-23 



"■33/ 






"11 
'-21 



"31 



"-12 

d 

"-22 



"-32 



"-13 
'''23 



"-33/ 



(B.5) 



Since the mass terms between 5 and 5 matter fields also receive the different contribution 



(M) 



.(M) 



from the higher dimensional terms, M = (Y^ ,rYc) ($) with Y^ different from Y"^ 



'(«) 



and Ffl 



(d) 



Although it is difficult to derive the expression of CKM matrix in such a complicated 
case, we can show the characteristic feature for some components of the CKM matrix. To 
see this, we focus on the third column of the mixing matrix [/^g: 




(B.6) 



where xi ~ and X2 — 1 if we assume that 5?, 5°, S^ are mainly composed of 5i, 5'^, 52 
respectively. Then the Yukawa matrix for the down-quark is 



Y. 



V{d)jj0 



-k -k af^xi + 0^2X2 + af3X3\ 
4^X1 + a'i,^X2 + 0^3X3 . 
4^x1 + 0^2X2 + a;^3a;3/ 



,-k -k 



(B.7) 



From these information, we can see from Eq. flA.7p that 



s"^~ 



^23 
^33 






7" ' 

^33 



■^3 — 



n2"'33 



"23"13 



"22"33 



"23"32 



(B.8) 



sf ^ 



(lo-\X\ ~r '^32'^2 ~r '-^'^3*^3 



So — 



'^ll'^l ~l~ '^12*^2 ~l~ '^133^3 

af^xi -F 032X2 + 0-33X3 ' 



(B.9) 



if Yu and Yd have a hierarchical structure which is supposed in Appendix |X1 Now we can 
obtain the specific expression for Vub from Eq. flA.12p : 



v:, ^ s 



dL 
2 



^uL 



^uL ( „dL 



^,uL\ 



(B.IO) 



If we take af. 






ttij in Eqs. (]B.8|) and f lB.9|) . Eq. (]B.10|) can be rewritten as 



K 



Xi 



ub 



031X1 + O32X2 + O33X3 



On + 



012(023^^31 — O21O33) + 013(021032 — O22O31J 
O22O33 — O23O32 



(B.ll) 



and Vuh oc Xi is derived. Since xi ~ in our setup, the leading order contribution for 
Vuh vanishes if o"- = of- is satisfied. On the other hand, if o"- 7^ of-, the non- vanishing 



V 



~iji 



contribution to Vub generally appears. For example, let us assume that 0^2 7^ 0^2 and Oji 7^ 
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a2i, which can be occurred by the presence of the term ^a(A^")$. Here \l/a is a horizontal 
SU{2)h doublet matter field which appears in Section [31 Then, the additional contribution 
to Vub is 

SV:, = -, ^^^^4^ .X, (B.12) 

(asixi + 032X2 + 0333:3) 

and it gives non-vanishing contribution because X2 — 1 if the third generation of the 
massless 5 field §3 is mainly 52- This is the case of Eq. fl3.15p and this contribution 
vanishes if 0^3 = fli2 is satisfied. Note that if the VEV of the adjoint Higgs field does not 
break U{1)b-Li then a^- = af^ is satisfied and Vuh is vanishing at leading order. The size 
of Vub at sub-leading order is dependent on the explicit model. 
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